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S I M U L A T I O N  O F  N O N I S O T H E R M A L  M O I S T U R E  

T R A N S F E R  A N D  S T R E S S E S  IN W O O D  IN D R Y I N G  

P. V. Akulich and K.-E. Militzer U DC 66.047 

We obtain a numerical solution for a two-dimensional problem of  nonisothermal moisture transfer in the 

anisotropic structure of wood ( lumber)  in convective drymg. On the basis of  elastictty theory we determine 

internal thermal and moisture stresses. 

Introduction. The drying of wood is one of the most important production processes in the technology of 

wood processing. The complexity of the drying of lumber is attributable to the variety of physicomechanical 

properties of different species, anisotropy of wood structure, interrelation between the phenomena of heat and 

moisture transfer, strains and stresses occurring in drying, and large differences in the dimensions of assortments. 

The quality of articles made of wood, capacity of drying equipment, and energy consumption depend largely on 

the conditions of lumber drying. Rational conditions for drying lumber can be established from an analysis of the 

internal processes of heat and moisture transfer and the stress-strain state, which is determined by the dynamics 

of the moisture and temperature fields. 
Heating and drying of lumber leads to the development of multidimensional heat and moisture transfer in 

the anisotropic structure of wood. Usually, the length of the lumber considerably exceeds the other dimensions, 

i.e., the width (LI) and thickness (L2), and therefore, more often than not, it is worthwhile to confine considerations 

to a two-dimensional model. 

Several methods are available for taking into account the multidimensional nature and anisotropy of wood 

in practical calculations of the process of heating and drying of materials: based on the analytical solution to a 

multidimensional problem of moisture diffusion; construction of special dimensionless diagrams; introduction of 

corrections for the multidimensional nature (an equivalent dimension of the body or a diameter quotient). A review 

of these investigations is set out rather comprehensively in [ 1, 2 ]. 

Below we solve a two-dimensional problem of nonisothermal moisture transfer in the anisotropic structure 

of wood and determine internal stresses in wood in drying and limiting strengths. 

Mathematical Model. We will consider the cross section of a specimen, with the coordinate origin fixed at 

its center. Then the point with the coordinates (It,/2), where ll = L i /2 ,  l 2 = L2/2  , will correspond to the specimen 

edge (Fig. 1). 
In drying of the capillary-porous structure of wood the convective component is small compared to the 

conductive component [3 ]. As is known, the system of differential equations of nonisothermal moisture transfer in 

the case of a small total-pressure gradient has the following form for the two-dimensional problem: 

cp 3T - Ox l ~x + ~ 2 + e p o r - ~ ,  (1) 

= ~xx a; Oxx + ~yy a2 + ~x a'lc3 ~ + ~y a'2c~ (2) 

with the initial conditions 
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Fig. I. Diagram of the specimen: 1-7) test points of the specimen. 

t ( x , y ,  0) = t 0 ( x , y ) ,  u ( x , y ,  0) = u 0 ( x , y )  

and the boundary conditions 

~10XO2]X=ll +PO ( l  --  ¢ ) r / ~  I (U[x : I  1 -- U e q l )  = a I { l ineal  --  I lX=ll)  , 

(a) 

(4) 

hot 
z Oy y=l z +PO (1 - e) r[3 z (Uly=12 - Ueq2) = a z (tmed2 - tly=12), (5) 

__o, o ;i __o, (o, 
x = 0  y=O 

(o; -ff-x + Ot = t i m  (Ueq l  - Ul x=ll) , (7) 

(a, 2_~you + a,26 Ot) Y=12=fl2(Ueq2-uly=12) '  (8) 

a; 0. a,8 0') I -- 0, (9) 
+ ox) x=o 

a;  -~y + = 0.  (10) 
y = 0  

W e  d e n o t e :  R c = c /co;  Rp = P/PO; R;t l  = 2 1 / ) r i o ,  R).2 = J .2 / ,~20 ,  R). = 2 2 0 / ~ . 1 0 ,  RL = 11/12, Ral = a i / a i o ,  Ra2 = 

a'2/a'2o, Ra = 6/30,  R' a = a'2o/a~o, T = (t - tO~to, U = (uo - u)/uo. 
Then the system of equations (1)-(10) will be written in dimensionless form as 

RcRp OF~ - OX R'~I ~ + R2RL R i 2 ~-~ -- eKo 0F----o ' 

0Fo ~ R I ~ X  " 
' OU) 2 ' 0 Ra 2 + LuRLR a ~ 

• o r  / Lu Pn ~ -  (12) 

399 



The dimcnsionless boundary conditions are 

OT ] + Ko Lu Kiml (Fo) (1 - e) = Kitl (Fo) , i  
(13) 

aT I + Ko Lu Kim2 (Fo) (1 - e) = Kit2 (Fo ) ,  (14) R'~2 -ff-Y r=l 

( I ~-~ + + Kiml (Fo) = 0 ,  (15) 

+ OT + Kim2 (Fo) = 0 ,  (16) 

o, 1 = = O, (17) 
0X x=o Y=O 

(-Ral  oU ' OT) I = 0 ,  (18) ~-~ + RatR a Pn ~ x=o 

(_ R'a2 OU ' OT) [ = 0 ,  (19) -~  + Ra2R 6 Pn ~ Y=0 

T(X, Y, 0) = 0 ,  U(X, Y,O) = 0 .  

In solving the system of equations (1)-(10),  we took into account the dependence  of the thermophysical  

characteristics on temperature and moisture content. We used the approximating dependences  suggested in [t ]. 

We will give some of them. 

The  thermal conductivity coefficient is 

= ad, kp , (20) 

at Po = 500; 

;t o = 0.00222u (t - 273) + 1002951°g100u-lO22 0.05 < u < 1 

1 
kp,~ = 1.864 - 0.00175pb ' 

where kp,~ and kxa are the corrections for the wood density and the heat-f lux direction, respectively. 

The moisture conductivity coefficient is 

a = aokxa kpa, (21) 

a 0 = 109361°gt-326 , kpa = 1 . 9 -  O.O0205pb 

It was assumed that a'rad/ala n = 1.25. 

when Pb -< 500 ;  kpa=0.98 when Pb > 500 .  
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The internal stresses in the wood were calculated on the basis of elasticity theory.  We consider  an 

or thogonal ly  anisotropic (shortened to "orthotropic") plate of wood that has different  elastic, moisture,  and 

temperature properties in two mutually perpendicular directions. The planes of or thotropy coincide with the planes 

of the adopted coordinate system (x, y). In a plane stressed state the equation of moisture elasticity can be written 

in the form [4 ] 

O4F+ 2A 1 04£" + A  2 0 4 F -  A 3 ( o2~j + n O2U] (22) 
Ox 4 Ox 20y 2 Oy 4 ~ Oy2 ) ' 

where A 1 = E y ( I / 2 G  - v /Ey);  A 2 = Ey/Ex; A3 = Eyyy; n = yx/Yy; Yx, Yy and Ex, Ey are the drying-up coefficients 

and elasticity moduli in the direction of the x and y axes, respectively; U = u* - u is the drop in hygroscopic 
A 

moisture content over the specimen cross section; for u > u it was assumed that U -- 0, which corresponds to the 

absence of drying-up in the moist zone. It is known thal the drying-up of wood begins when the moisture content 

decreases beyond the saturation limit of the cellular walls (the maximum hygroscopic moisture content) ,  which is 

equal, on the average, to Usat.li m = 3 0 % .  Owing to the fact that noticeable changes in the strength, stiffness, and 

drying-up of wood begin at a moisture content of 25%, this moisture content was taken as the calculated limit u *= 

0.25 [51. 
The boundary  conditions are 

02F - 0 at y = ± l 2 , 02F - 0 at x = ± l j ,  02F - 0 at x = ± l I , y = ± 12, (23) 
Ox 2 Oy2 OxOy 

F(x, y, r) is the stress function, 

O2F O2F O2F (24) 
G x  --  G y  - -  r x v  = - -  - -  

Oy  2 '  O x  2 '  " O x O y  

Similarly to [6] we will seek the solution to Eq. (22) in the form 

F (x, y, ~) = A3Z (x, y) S ( r ) .  (25) 

Substituting Eq. (25) into Eq. (22), we obtain 

04Z 

Ox 4 

to ^ 
where U(x, y) = U(x, y, r ) /S(r ) .  

The boundary conditions are 

o"z o"z o2 , 
- - +  2 A  l - +  A 2 - - -  + n - -  

Ox20y 2 Oy 4 Ox 2 0y 2 ' 
(26) 

02Z 02Z 
- 0  at y =  ±12 ,  2 - 0  at y =  ± l  1 , 

Ox 2 Oy 

02Z 
- - 0  at x=__+l~ ,  Y = - - t 2 -  OxOy 

(27) 

We represent the function Z(x,  y) in the form of the polynomial 

z (x, y) = (x:  - l~) 2 o ,2 - / 2 )  2 ,~, ~ y . 
t=0  k = 0  

(28) 

It is not difficult to see that the function Z(x, y) satisfies boundary conditions (27). 
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In order  to determine the constants  a~k, we use the Galerkin method.  Subst i tut ing Eq. (28) into Eq. (26) 
and limiting ourselves to three terms of the series, we obtain 

Z (x, y) = (x 2 - /~)2 (y2 _ l~)2 (ao0 + aloX + aOlY) , (29) 

crx = A3S (r) O2Z (x,2 y) , Cry = A3S (r) o2Z (x, y) rxy = - A3S (r) 02Z (x, y) (30) 
Oy 3x 2 ' OxOy 

Upon substitution of Eq. (29) into Eq. (26), we obtain 

1575 f f 10,`2 + zo axJy 
-11-I  2 Oy J 

ao0 = 

32768~1~ A 2 + ~  + 

a l O  = 

2205 f f [ ox z + n z o xaxay 
-11-I  2 Oy 2 } 

7 9 [  4Al ( l l )  2 7A2 (/1] 4 ] 
32768 l l l  2 1 +--(-5- ~ + - ~ -  ~12) J 

a O l  ----- 

2205 -11-12f f [ Ox 2 + n --~y2 ) Zo ydxdy 

97 [ 4Al t/2) 2 7 (/2/41 , 
32768l l l  2 A 2 + - ( f  ~ + 55 ~1,) J 

z O= (x 2 -  l ~ ) 2 ( y 2 -  122) 2. 

o x = 4A3S (T) (x 2 - 12)2 [ao0 (3y2 _ 122) + alOX (3y2 _ ~) + aolY (5),2 _ 34 ) ] ,  

(31) 

(32) 

(33) 

(34) 

Oy = 4A3S (Q (y2 _ /2)2 [aoo (3x 2 _ /2t) + alox (Sx 2 _ 3/~1 ) + aolY(3X 2 _ 4 ) ] ,  (35) 

Txy = - 4A3S (r) (x 2 - 121) (y2 _ ~) [4aooXY + alOY (5x 2 _ l~) + aO,x (5y 2 - 122) 1. (36) 

Thus,  using heat and mass transfer  equations (1)-(10) we calculated the mois ture-content  and  tempera ture  
fields for each instant of time, and then we determined the curves for the stresses cr'x, a'v, Txy from formulas 
(34)-(36). 

The  effect of degenerat ion of elastic deformations into residual ones was considered on the basis of the 
well-known fact that  the elasticity modulus  in unloading is 1.5 times larger than the same quanti ty in loading [5 ]. 
In a first approximation,  for residual deformations we can write ere s = o'max/E - crmax/(l.5E) = o~nax/3E. In view 
of this, the stresses on the unloading line were calculated approximately from the formulas 

max/q (37) 
O X  = CrX - -  CrX " 
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Fig. 2. Dependences of the mean moisture content  (curve 1) and  t empera tu re  

(curve 2) of the specimen on time. r, h. 

Fig. 3. Dependences of the moisture content and tempera ture  on t ime for 

different points of the specimen (see Fig. I).  

m a x  ,-, 
Oy = cry --  Cry / 3  , ( 3 8 )  

are the m a x i m u m  local where a x and  a~ are the stresses calculated from formulas (34) and (35); o~x ax and  o~y ax 

stresses.  

Discussion of Results. A numerical  solution for the sys tem of equations of heat  and  moisture  t rans fe r  

(1)-(10) was found by means  of an iteration method.  Here,  two-dimensional  equations (1) and  (2) were solved by 

a locally one-d imens ional  method [7 ]. The accuracy of the numerical  scheme was checked by increasing the n u m b e r  

of grid points and  t ime steps. It was noted that  a decrease of a step in space and  time, compared  to those selected,  

results in a very slight improvement  in the qualily of the lines and  does not lead to substant ia l  quanti tat ive changes .  

It should be noted that  in order  to reduce the time of the computat ions,  we carr ied out calculations of heat  and  

moislure t ransfer  phenomena  for both the two-dimensional  problem given above and  the analogous one-d imens iona l  

case. 

The  heat-conduct ion equation involves the criterion of phase transit ion ~, which de te rmines  the port ion of 

the moisture evaporated inside the body. This paramete r  takes values from 0 to 1 and  depends  on the condit ions 

of the process. To  es t imate  the contribution of this parameter ,  calculations were carr ied out for different  values of 

e: e = 0, 0.15, 0.5, 1.0 using pine wood as an example  under  the normal  dry ing  conditions 3 - H  ( three-s tage  

conditions).  It was noted that changes in the criterion e exert a very slight effect on the values of the t empera tu re  

and mois ture-content  parameters .  The  greatest  deviations of the moisture content  were observed at the third stage 

of drying (u < 25~o) at the center  of the specimen. In subsequent  calculations we look the value e = 0.15 f rom the 

results of investigations [8 ], which was obtained at a tempera ture  of the medium of 60 ... 115°C and a velocity of 

1.6 m/sec .  

The  investigations showed that the heat and moisture conduction exer ted an insignificant influence on the 

duration of drying.  At the beginning of the process the heal and moisture conduction somewhat  increases the rate 

of drying,  while at the third stage of drying it decreases  the intensi ty of the process,  i.e., leads to an increase  in 

the duration of drying under  the above-indicated conditions by about 5~o. The  data obta ined agree with resul ts  of 

investigations given in [9]. Thus,  the effect of heat and moisture conduction can be neglected in engineer ing  

calculations. 

Figures 2-5 present  results of numerical investigations of heal and moisture  t ransfer  and internal  s t resses  

in a specimen of pine wood measur ing 0.125 × 0.027 m under  the normal  drying conditions 3 - H  (see Tab le  1) 

I10]. 

Grids  of sizes 59 × 15 and 89 x 19 were used in the numerical implementat ion.  

The  wood was heated at the temperature  of the medmm l i ned  = 94°C and the relative moisture content  ~o = 

0.97 until the difference between the temperature  of the medium and that at the center  of the board specimen 
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Fig. 5. Spatial change  in the normal  s t resses  a x (a) and  the tangent ia l  s t resses  

rxy (b) at r -- 16.09 h. 

reached 3°C; then the first s tage of d ry ing  began.  The  calculat ions were  carr ied  out for  the fol lowing pa ramete r s :  

t o = 291 K; u0 -- 0.39; r = 2500 k J /kg ;  e -- 0.15; Ay = 0.28; A x = 0.17; P0 --- 460 kg /m3;  Pb -- 430 k g / m 3 ;  V = 2 m / s e c ;  

kxa = 1; kya = 1.045; kxa -- I;  kya = 0.8; 6 = 0; lined -- tmed 1 = tmed 2; Ueq = Ueq 1 = Ueq 2. T h e  spec imen  was  sawed 

in quarters .  T h e  values of the elasticity modu lus  and  s t r eng th  limit of the  wood were  d e t e r m i n e d  f rom formulas  

ob ta ined  in [1 ]: 

E ( u , t )  = 15tu - 1600u - 5.25t  + 5 7 5 ,  

a t (u, t) = 0 .067tu - 17u - 0 .035t  + 7 . 1 ,  

and  the equi l ibr ium mois ture  conten t  was de t e rmined  from the formula  11 ] 

Ueq = 10.6 ~° [3.27 - 0.015 (tme d - 273) 1 / 1 0 0 .  

The  dependences  of the mean  values of the mois ture  conten t  and  t empera tu re  on t ime and  the  values at  

the chosen points  of the wood spec imen are  given in Figs. 2 and  3. From Fig. 3 it is seen that  the t e m p e r a t u r e  d rop  

over the spec imen cross sect ion is small  a nd  the  d ry ing  process  af ter  the hea t ing -up  per iod can  be a p p r o x i m a t e l y  

cons idered  as isothermal.  

The  in ternal  s t resses  were calculated from formulas  (34)- (38) .  At the beginning  of the d r y i n g  process  the 

tensile s tresses in the surface zone increase and  then they  decrease  (Figs. 4 and  5a).  It shou ld  be no ted  that  the 

decline in the s t resses  was observed  as soon as the mois ture  content  of the inner  zone became  lower  than  the 

sa turat ion limit of the cellular  walls (in this case,  the calculated limit of 2 5 % ) .  This  fact is in a g r e e m e n t  with results  

of [5 I. The  appea rance  of cons iderab le  residual  deformat ions  at the end of the d ry ing  process leads to a change  
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TABLE 1. Paramete rs  of the Normal  Conditions of Drying 3 - H  and Coefficients of Heat  and  Moisture Exchange  

u treed, °C ~o a ,  W / ( m  2. K) fl, m / s e c  

> 0.35 

0 . 3 5 - 0 . 2 5  

< 0.25 

79 

84 

105 

0.77 

0.62 

0.27 

23 

22.5 

22 

2 .10  -6  

3 .10  -6  

4 .5 .10  -6  

Note: 1st line, first stage of drying; 2nd line, second stage of drying;  3rd line, third stage of drying.  
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Fig. 6. Compar ison between calculated (1, 2) and  exper imenta l  (3, 4) curves 

of the drying of lumber:  1, 3) u0 = 0.32 kg/kg ,  Pb = 400 k g / m  3, specimen of 

dimensions 0.083 x 0.068; 2, 4) u0 = 0.39, Pb = 430, 0.027 x 0.125. u, Yo; 

17, h.  

in the sign of the stresses.  In the dried board residual compressive s t resses  are  re ta ined in the surface layers ,  and  

tensile s t resses  in the inner  zone. 

According to the given model,  in the period of increase of the s t resses  one could observe a certain re laxat ion  

of them. However,  it should be noted that  when the initial moisture  content  of the specimen was lower than  the 

calculated limit of 25Yo, relaxation of stresses was not observed. 

The  max imum stresses at point 2 are higher than at the center  of the surface zone (point 1), and  the 

stresses Ox at point l are considerably higher than the stresses cry at point 5. 

The  spatial change in tangential  s tresses is presented in Fig. 5b. 

In addition, we carried out calculations for a thicker specimen of d imensions  0.125 x 0.05. As the thickness  

of the board increases,  the stresses Cry on the line 3-5, as well as the tangential  s tresses,  increase. 

The  mathemat ica l  model was checked by comparing calculated and exper imenta l  data  for p ine-wood 

specimens of dimensions 0.083 × 0.068 and 0.027 x 0.125 for the following dry ing  conditions: /med = 8 0 ° C ,  t,o = 

0.5, V = 2 m/sec .  The  computat ions were performed on a 37 × 31 grid. Figure 6 presents  a comparison of calculated 

data with results of exper iments  carried out in [l ]. An analysis  of the figure indicates good agreement  between the 

calculated and exper imental  data on the kinetics of the drying process for two specimens differing in the initial 

moisture content.  

N O T A T I O N  

al ,  a2 and al0 , a20, values of the thermal diffusivitv coefficients for moist and dry  wood in the direct ion 

of the x and y axes,  respec t i ve ly ,  m2/sec;  a~, a 2 and a~0, a)0, values of the mois ture  conductivity coefficients for 

moist wood and at the initial values of t e m p e r a t u r e  to and moisture content u0, respectively, m2/sec;  Cfrad, alan, 
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moisture conductivity coefficient in the radial and tangential direction of annual  layers, respectively, m2/sec; c, co, 

heal capacity of moist and dry  wood, J / ( k g . K ) ;  E x, Ey, elasticity moduli ,  MPa; G, shear  modulus;  Jtl = 

al (Tmedt - TI X - t)to, heat flux density on the surface, W/m2; Jm~ = -pc~3~ (UI x = ~ - Ueq)U0, moisture flux density 

on the surface, kg/(m2-sec);  r, specific heat of vaporization, .l/kg; t, t o, current and initial values of the wood 

temperature, K; treed, temperature of the medium, K; u, uo, current and initial values of the wood moisture content,  

kg/kg; Ueq, equilibrium moisture content, kg/kg; V, velocity of the medium, m/sec;  ~o, relative moisture content of 

the medium; x, y, spatial coordinates, m; X, Y, dimensionless coordinates; a l ,  a2, coefficients of heat transfer on 

the outer surfaces, W/(m z.K);  /3 I, f12, coefficients of moisture transfer, m/sec; 6, 60, coefficient of heat and 

moisture conductivity of the moist wood and at the initial values to and uo, respectively, K- I ;  e, phase change 

criterion; )q, ~-2 and  ~-10, 220, thermal conductivity coefficients of moist and dry wood, W / ( m . K ) ;  v, Poisson 

coefficient, v = 0.5; p, Pb, P0, density of moist wood, base density and density of dry wood, respectively, kg/m3; 

ax, ay, normal stresses, MPa; r, time, sec; ~xy, tangential stresses, MPa; Fo = alor/L 2, Fourier number;  Ko = 

ruo/cot o, Kossovich number; Kill = JtlLI/~.10t0, Kirpichev heat transfer number; Kiml = jmlLI/a]ooouo, Kirpichev 
mass transfer number; Lu --- aio/alo, Luikov number; Pn -- 3oto/u o, Posnov number. Subscripts: 1 and 2, values 
of the parameters in the direction of the x and y axes, respectively. 
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